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Abstract
Let “X  0” mean that “the bounded linear Hilbert-space operator X is self-adjoint, pos-
itive, and invertible”. We discuss the operators A which are known to be convergent (i.e. have
spectral radius less than 1) because they all satisfy Stein’s condition P − APA 0 for a
fixed P  0. We use the convexity of this set of A’s to show that when certain operators are
in it (and hence convergent), others (often multiples) must be also. Our results generalize,
and are modivated by, some results in [A. Bhaya, E. Kaszkurewicz, Linear Algebra Appl. 187
(1993) 87–104]. © 1999 Elsevier Science Inc. All rights reserved.
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Let B(H) denote the algebra of bounded linear operators on the real or complex
Hilbert space H. Let x; y 2 H and A 2 B.H/. Then hx; yi; kxk, and kAk denote,
respectively, the inner product of x and y, the norm of x (determined by the inner
product), and the norm of A (induced by the norm on H). The operator A is called
convergent if An! 0 (i.e. if kAnk ! 0) or equivalently, if the spectral radius of A
is less than 1, and “A > B” means “A and B are self-adjoint, and A− B is positive
semidefinite”, and “A B” means “A > B and A− B is invertible”.
Suppose P  0. Then there is a uniqueQ 0 such that P D Q2, and kXkP D
kQXQ−1k is an operator norm on B(H). Let BP denote fX 2 B.H/ V kXkP < 1g,
the open unit ball of this norm. Since I − Y Y  0 is equivalent to kYk < 1, setting
Y D QXQ−1 proves that
BP D fX 2 B.H/ V P −XPX  0g:
Suppose S  B.H/ is the convex hull of Ext(S), its extreme points. Then S  BP
if and only if Ext.S/  BP , since BP is convex. In other words:
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PII: S 0 0 2 4 - 3 7 9 5 ( 9 9 ) 0 0 1 7 6 - 7
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Proposition A. If P  0 and S is the convex hull of Ext(S), then P − XPX  0
for every X in S if and only if it holds for every X in Ext(S).
Let D D fDiag.d1; : : : ; dn/ V −1 6 each di 6 1g and E D fDiag.d1; : : : ; dn/ V
each di D 1g, the extreme points of D.
Corollary A (Theorem 3.1 of [1]). There exists a positive definite P 2 Rnn with
AD  BP if and only if there is a positive definiteQ 2 Rnn with AE  BQ.
Proof. Apply Proposition A with P D Q. 
Since P  0 and P −XPX  0 implies X is convergent, Proposition A can
be used to show that certain operators are convergent. For example, let
CP D fX 2 B.H/ V XPX 6 P and X is invertibleg;
and let KP denote its convex hull. Then if X;Y 2 CP and A 2 BP ,
M D P − .XAY/P.XAY/ > Y .P − APA/Y  0:
Hence A 2 BP implies CPACP  BP . Since KPAKP is contained in the convex
hull of CPACP , Proposition A gives:
Proposition B. If P  0, then XBP Y  BP for every X;Y 2 KP .
Corollary B (Propositions 2.1 and 2.2 of [1]). If P 2 Rnn is positive definite and
diagonal and if A 2 BP then AD and DA are subsets of BP .
Proof. E  CP so D  KP . Apply Proposition B. 
Our proofs differ from those in [1] in the way they use convexity and in their order
– generalizing (3.1) before (2.1) and (2.2). We now extend Proposition A to compact
convex sets and generalize Proposition B.
Theorem A. If P  0 and S  B.H/ is compact and convex, then S  BP if and
only if Ext.S/  BP .
Proof. By the Krein Milman Theorem (KMT), S is the closed convex hull of Ext(S).
Hence Ext.S/  S and “only if” follows.
To prove “if”, suppose there is an A in S which lies outside BP . By the Separation
Theorem of [3, p. 118], there is a hyperplane H in B(H) which contains A and misses
BP . Since H is closed and convex, its intersection L with S is compact and convex
and non-empty. By the KMT, L contains an extreme point B. Suppose B lies in the
interior of a line segment connecting two members of S. Since S lies in the closure
of BP (by the KMT), both must lie in the closed halfspace which contains BP and is
bounded by H. Since B 2 H , both must lie in H, and hence in L. This is impossible
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because B is an extreme point of L. Hence B 2 Ext.S/  BP , but B 2 H , which
misses BP . This contradicts the existence of A. 
Theorem B. Proposition B is still valid if “X is invertible” is dropped from the
definition of CP andKP is redefined to be the closed convex hull of this newCP .
Proof. If A 2 BP and X;Y 2 the new CP , then M is the sum of three non-negative
terms:
M D .P − Y PY/C Y .P − APA/Y C Y A.P −XPX/AY:
Let p and q be positive numbers satisfying P  pI and P − APA qI . Set r D
kPk and let z 2 H be a unit vector. Then, since M dominates each of the first two
summands,
hMz; zi > max
n
p − rkYzk2; qkYzk2
o
> 2s;
where 2s D qp=.q C r/ > 0. Hence, M  sI > .s=r/P , i.e. t2P − .XAY/
P.XAY/ 0, where t2 D 1− s=r > 0, because p=r < 1 (and so we may take t
to be positive). Then XAY 2 tBP . Since t is independent of X and Y, we know
CPACP  tBP , which is convex. Hence KPAKP lies in the closure of tBP , which
lies in BP , because t < 1. 
This proof shows that t (which depends on P and A) bounds the elements of the
convex hull of CPACP away from the boundary ofBP . One may find a better bound
by estimating less crudely than we have.
Several specific convex sets of operators have been shown to consist of convergent
operators, cf. e.g., [2] which considers certain sets of the form SA where S is a convex
set of operators and A is a single operator.
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